Complexification of The Vacuum and The Electroweak Gauge Symmetry 



O 

o 

(N 

Or 
<D 
CO 

o\ 



> 
(N 

in 

m 

On 
O 

O 

a: 
i 



X 



Alp Deniz OzeiQ 

Ludwig Maximilians University Physics Section, 
Theresienstr. 37, 80333 Munich Germany 

(Dated: February 2, 2008) 

In this paper we investigate the consequences of imposing an 50(4) symmetry both on the scalar 
field and on spacetime prior to any spontaneous symmetry breakdown in the electroweak model. 
First we argue that the local electroweak gauge symmetry is implied by the initial SO (4) symmetry 
of the scalar field. Then we parameterize the vacuum, in a slightly different way with respect to the 
conventional assignment in the electroweak model, around the ground state mainly in two different 
ways: Once over the local electroweak gauge transformations and once over the local 7 basis which 
generates the SO(4) symmetry of the scalar field. Through comparing the two, we conclude that 
a consistent parametrization, requires the complexification of the scalar field, which simultaneously 
requires spacetime to obey local Lorentz invariance in the broken phase of the electroweak vacuum. 
After spontaneous symmetry breakdown and complexification, the 5*0(3, 1) invariant quantity of the 
scalar field is identified to be the Higgs mass, which yields mu =v/2— 123 GeV. Also the vacuum 
state is normalized to a unit state by rescaling the local 7 basis, so that the metric tensor inherently 
contains the speed of light in the Higgs vacuum. We shortly consider the validity of the 5*0(3, 1) 
invariance property of the vacuum state in terms of the Goldstone modes, in case the Higgs field 
departs from the ground state. The main goal of the paper is to treat spacetime and vacuum as the 
two faces of the same medallion, and to relate the local spacetime symmetry with the electroweak 
gauge symmetry, both in the broken and unbroken phases of the vacuum via complexification and 
spontaneous symmetry breaking. 

PACS numbers: 11.30.Cp, 11.15.Ex, 14.80.Bn 



I. INTRODUCTION 

The current formulation of the electroweak gauge the- 
ory inevitably requires the existence of a scalar field for 
a few fundamentally important reasons. First of all, the 
electroweak gauge interactions among elementary parti- 
cles naturally occur in vacuum, which is understood to 
be the stable ground state of the scalar field. Historically, 
to our knowledge, the scalar field has not been incorpo- 
rated in the electroweak gauge theory000 to provide 
an underlying physical continuum for gauge interactions. 
The main motivation was to utilize the physics in the 
spontaneous breakdown of the scalar fieldQQ, since it 
provided masses for the mediators in a gauge invariant 
and renormalizable way|6(, and also explained the non 
conservation of isotopic spin. 

From the other side, a general fact in nature is that 
interactions among matter and fields are solely governed 
by gauge theories, which come along with their respective 
gauge symmetries 0- We also demand gauge theories to 
be locally Lorentz invariant since initial and final par- 
ticle states are expressed through quantities like energy 
and momentum[8j which obey the laws of special rela- 
tivity. We know that Lorentz Invariance is tightly con- 
nected with the abstract notion space-time, which makes 
hardly physical sense unless we consider matter and fields 
attached to it. The remarkable thing about spacetime, 



matter and fields is that it constitutes in a completely 
different fashion the ingredients of special and general 
relativity. In contrast to the electroweak theory, gravita- 
tional interactions or in other words the motion of mas- 
sive particles governed by the laws of general relativity 
are accommodated by spacetime. 

If it is correct that the Higgs mechanism * s the 

ultimate formalism to create inertial and gravitational 
masses for elementary particles, we should somehow be 
able to relate the scalar field, which is responsible for the 
mass generation mechanism, with spacetime. In this pa- 
per we will treat vacuum and spacetime as the two faces 
of the same medallion and will draw certain consequences 
out of it, such as the Higgs boson mass and speed of light 
in the Higgs vacuum. The relation between the two faces 
will be step wise introduced through out the work, the 
main steps however are summarized in the conclusion 
part for clarity. As a starting point it would be most 
appropriate to consider the global transformation prop- 
erties of the 4 component scalar field. 

Let us start by placing four real valued scalar fields in 
a column 



(1) 



A Lagrangian of the scalar field, in the four vector rep- 
resentation that exhibits a global 50(4) symmetry, is 
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where /i 2 , A are initially chosen to be positive. We char- 
acterize the vacuum through these scalar fields. The vac- 
uum state corresponds to the ground state of the scalar 
field. Prior to any spontaneous symmetry breakdown and 
phase transition the null vector <j) = 0, obviously defines a 
false vacuum since it pertains to an unstable ground state. 
This false vacuum is trivially SO (A) invariant. Let us ad- 
ditionally demand that our 4 dimensional spacetime|llj 
exhibits a Euclidean signature and is subject to the same 
symmetry of the scalar field. 

The real generators H a b, that satisfy the 50(4) Lie 
Algebra, can be generated through 



(E a fc 



(Sai Sbj 



Sji S a b 



(3) 



[T, a b, 12 c d] = Efc c Sad + ^ad Sbc ~ E ac Sbd — ^bd S a c (4) 

The above real valued Lie Algebra of SO (A), can be made 
complex by allowing E — > i E as below. But in general, 
this complex valued Lie Algebra is satisfied by the so 
called spinorial representation of SO(4). The generators 
of this spinorial representation can be produced by a set 
of 4 gamma matrices : 

[£jj, Efcz] = —i (T<jk Su + E« Sjk — E^. Sji — Ej; Sit) (5) 



(6) 



scalar fields spanned by the basis {70,71,72,73}- Wc 
obtain 



»o7o 



1 

71 



»o7o 



1 

71 



4>\ 


-<f>t 


- 
- 
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(10) 



l>r -n 

(ii) 

Here the upper indices {+, 0, — } are showing the charges 
with respect to the diagonal generator E12 which is ob- 
tained from 



E ij = 2 bi>7j] 



Bk 







b k 



(12) 



The lower indices in {4>i, (f)®, <f>\ , 4>2~} are introduced just 
to distinguish among the entries. The explicit expressions 
of these 4 fields in terms of </)%, (f>s, (f>o} is found to be 



63 - 1 M/V2 

63 + i O )/V2 

bi-i ch)/V2 
h +1 2 )/V2 



(13) 



where Sij carries a Euclidean signature for i,j,k,l = 
{0,1,2,3} such that Skk = L and the curly brackets 
denote anticommutation. Let us consider as next the 
gamma matrices of the chiral representation. These are 
explicitly stated as 



Bi 
~Bi 



75 



7o 



I 
-I 



-I 

-I 



(7) 



where £ = 1,2,3 and Bi are the Pauli spin matrices. The 
chiral representation composed of {70, 71, 72, 73} satisfies 
Lorentz covariance hence belongs to 5*0(3, 1) and has the 
following signature 



(7o) 



(7i) 2 = (72) 2 = hz? 



(8) 



def _ 



If we replace 70 by —170 = 70 ■ The signature turns out 
to be Euclidean 



(ioY = -1 (71) 2 - (12)' = ( 73 r 



1 



(9) 



Now we can use the basis {70,71,72,73} in eq. iJBJ, so 
that the generators produced by this basis satisfy the 
50(4) Lie Algebra. Let us construct a sum over the 



From the above expressions it is easy to see that the imag- 
inary sign in front of 0o i n both 4>\ and 0§ stems from 70 
= —170- If we had not utilized 70 in the expansion, the 
fields 4>\ and <f>\ wouldn't have had a complex form. An 
explicit imaginary sign was required to appear in front of 
4>o, in this respect. Also note that Tr[(f><j>] is thereby an 
50(4) invariant. 



-Trl 



(14) 



The Lagrangian of the scalar field can equivalently be 
reexpressed through </> in ea. ((TUjl as 

L, p = -Tr[d^d^} -/i 2 Tr[0</>] - ATr[00] 2 (15) 

There is no Hermitian conjugation in the product (j) (f>. 
Note that the 7 matrices can also be treated algebraically, 
so that the trace operation can be dropped as well. 

In Ea. l|13|) there are only four independent fields. 
These fields can be organized into two doublets. 



and 



V2 \ </>3 



i<t>2 

i(j>o 



102 

i(j} 



(16) 



(17) 
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The above doublets are complex conjugates of each other, 
since {fa , fa , fa , fa } are rea l fields. Note that they trans- 
form under E^-, for i,j = {1, 2, 3} independently, so that 
we can consider them separate SU(2) doublets. The nice 
thing about the expansion in Ea. (|10|l is that it allows 
each doublet to be grouped so as to include a copy of all 
four scalar fields. We see that the {+, 0} charges in 4>, do 
not correspond to the 03 charges of 51/ (2) but are due 
to S12. We will come back to this point again. 

From the other side the Lagrangian of the scalar field 
in eq.|0 can sufficiently be reproduced by any of the 
above doublets, which are indeed equivalent. Since we 
have put the four fields into a complex representation, 
the Lagrangian should then be written in a complex form 



From the other side we know that, in the spontaneously 
broken phase of the local SU(2) x U(l) electroweak sym- 
metry, space-time transforms under 50(3,1). Owing 
to our assumption that initially both the scalar field 
and space-time are transforming under 50(4), we expect 
analogously, that in the spontaneously broken phase, the 
scalar field transforms under 50(3, l).i.e., it transforms 
like spacetime. Therefore in the broken phase 



1 



(21) 



should be an 50(3, 1) invariant of the scalar field. The 
stable ground state of the scalar field corresponds to the 
true vacuum. Consequently, the true vacuum should also 
satisfy the above 50(3, 1) invariant relation. 

We postulate that at some stage prior to spontaneous 
symmetry breakdown, the scalar field must have under- 
gone a phase transition. Note that the transformation 



Such a restatement imposes an overall U(2) symmetry 
on the Lagrangian, which is nothing but an 5/7(2) x 
U(l) symmetry. The above {+,0} charges in tf> can be 
retrieved from this 5/7(2) x Z7(l) symmetry, such that 



11 
2 



Y 
~2 



(19) 



To obtain the charges {+, 0} in the components of (j>, 
one has to assign +1 to Y, which turns out to be the 
usual hypercharge of cj). In this way it becomes easier to 
understand how <j> transforms under 5/7(2) but carries 
charges of a larger symmetry. The 5/7(2) x U(\) global 
symmetry of the scalar field is implied 12] by 50(4). 

After that the scalar field is restated within a complex 
representation of the 5/7(2) x U(l), we expect that, this 
symmetry holds also locally, and describes gauge inter- 
actions with locally conserved charges [l^- The partial 
derivatives in eq. Ijl8|l should be replaced with the gauge 
covariant ones to assure local gauge invariance with re- 
spect to the local gauge symmetry. 



II. COMPLEXIFICATION 

Prior to any spontaneous symmetry breakdown and 
complexification, where the latter will be clearly defined 
towards the end of this section, we assume that the scalar 
field 4> in eq.Q) transforms under 50(4). Therefore 



1 



4>l 



(20) 



is an 50(4) invariant of the scalar field. Prior to any 
spontaneous symmetry breakdown and complexification 
the null vector which is the unstable ground state, de- 
scribes a false vacuum and is trivially 50(4) invariant. 
We additionally assume that space-time, prior to any 
spontaneous symmetry breakdown and complexification, 
transforms under 50(4) as well. 



fa ifa (22) 

switches us back and forth between ea. (|20|l and l|21|l . 
From the other side, it is formally possible to absorb 
the phase into the basis, in this way the transformation 
switches us also back and forth between the two sets 
of gamma matrices given in Eq.© and 1(5}. This can 
be clarified in the following: The complex form of the 
scalar fields in eq. (|l(jfl and l|17|l are only maintained if 
the component fa has correctly i as a pref actor. If we let 
fa — > ifa) then the expansion in eq. (|10|l should be done 
over the basis {7^,70} instead {7i,7o}- This signals us 
that the initial 50(4) and final 50(3, 1) symmetries of 
the scalar field are related over the phase of fa. The re- 
spective two sets {71,70} and {7^,70} specify the initial 
and final metric of spacetime. We will come back to this 
point later again. 

We know that three components of the scalar field 
are associated with the massless goldstone modes, which 
can be gauged away ( or parameterized ) with an 5/7 (2) 
transformation. Since 5/7(2) is isomorphic to 50(3), it 
is appropriate to assign the fa, fa, fa fields to 5/7(2). 

The fourth field fa is associated with the Higgs field, 
we know that the vacuum even after symmetry break- 
down preserves the local gauge symmetry in a hidden 
way, so the Z7(l) piece of 5/7(2) x 1/(1) should be related 
with the leftover field fa. Note that, in contrast to the 
usual assignment in the Higgs mechanism implemented 
in the electroweak theory, the vacuum expectation value 
will not be assigned here to fa but to fa, which is a 
major difference 14] . This choice covers interesting prop- 
erties as will be later seen. Let us consider the vacuum at 
a particular minimum resulting from eq. I|18|l such that 



h = fa = fa — 
, _ V2n _ 





V 

v/2 



(23) 



- — ( 
" V2\i 
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In the rest of this paper, the scalar fields {cf>i, <f>2, 4>3, 4>o} 
will be parameterized with {£1, £2, £3: £0} respectively. 
All degrees of freedom should be linearly independent 
and the vacuum should be consistently parameteriz- 
able. The above mentioned phase transition described 
by 0o — * i 4>a will turn out to be a necessity for a con- 
sistent parametrization of the vacuum or more generally 
of the scalar field. Two cases of parametrization are of 
interest : 

Case I : The scalar field is supposed to transform under 
the local gauge symmetry, therefore the parametrization 
of the scalar field around the vacuum state should be 
done over the generators of the gauge group {0$, Y} to- 
gether with the expansion parameters of the scalar field 
£2, £3, £0} respectively, which closely amounts to the 
so called unitary gauge [l5j. 

Case II : The scalar field is supposed to transform un- 
der the SO (4) symmetry, where the 7 basis has coordi- 
nate dependence. Consistency requires that the scalar 
field should also be parameterizable around the vac- 
uum state through the basis {7i,7o}, with the expan- 
sion parameters {£1, £2, £3, £0} respectively. This latter 
parametrization might suitably called the metric gauge. 

Trough comparing the former and the latter 
parametrizations, we explore the underlying condition 
that nature imposes on the scalar field. The condition 
will turn out to become what we call Complexification, 
and the local Euclidean symmetry will undergo a change 
of signature. 

Parametrization - Case II : Let us start with the latter 
parametrization described in case II, by considering the 
following ground state and the exponentiated transfor- 
mation ; 



( ° \ 





(24) 



The exponential part if expanded up to first order reads 



1 


j«3 _ ?0 i 




1 

V 

•6 _ Co 



_ So 



v v v \ 

V V V 



J 



parametrization. Let us consider the last term in the 
exponential to investigate how the hypercharge acts: 



i 7o • fo = i (~i 7o) ' £0 = 7o • £0 

= »y-(iCo) 



(25) 



~ def 

It is seen in the last line that Y selects out £0 = as 
the expansion parameter. Using the same vacuum state, 
we verify this choice in the forthcoming parametrization 
mentioned in case I. 

Parametrization - Case I : First we demonstrate how 
the parametrization works, then we identify the H field. 
Let us consider the following transformation acting on 
the minimum 

4>(x)^4> ^)=e- i ' T ^ x)/v - iY ^ /v (JL) (26) 

Expanding the exponential up to first order gives 



1 



Co 



i— — I 

V u u 





; v 

'V2 



= j_( a - <6 

y/2 \ -6 + £0 + iv 

It is seen that £0 emerges at the wrong place and does 
not add up to v, consequently doesn't operate like the 
H field. Since we demand that £0 should operate[l6| 
like H, we consider the possibility of a phase transition 
£0 ~~ * i £0 = £0 which was previously postulated in eq. 
(|22|l . Note that this phase transition can be compensated 
in 70 • £0 — > ~7o ' £o 5 which preserves invariance, and 
fulfills the previously stated condition in eq. i|25|l . If we 
substitute £0 back in the last line above we obtain the 
correct form 



6 - i6 
<3 + i(& -f 



v) 



The phase transition is essential and leads the scalar field 
to undergo a complexification, thereby spacetime changes 
signature and becomes Minkowski. The four scalar fields 
should then subsequently be reexpressed as 



the product of the vacuum state with the above expan- 
sion yields 



1 
71 



/ £1 - *6 \ 
£1 - H2 



\ 



It is remarkable to see here that 70 behaves formally like 
the hypercharge Y, and £0 plays the role of the Higgs 
field H , because it correctly appears beside v within the 



1 

71 



( 



93 



(27) 



Consequently the scalar field satisfies the condition in eq. 
I)2ip. Physically we will observe the expectation value of 
</>o and not its phase, the phase is swallowed by the basis 
which becomes, {70, 71, 72, 73} and exhibits a Minkowski 
signature 

2r)nu = -{7/ii 7*} i ( fr v = O, 1 , 2 , 3 ) 
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Since the scalar field is coordinate dependent, both 
parameterizations should hold locally. Therefore the 
gamma basis should have a coordinate dependence as 
well, and thereby defines a local spin 2 field through 
n^ v , which implies the incorporation of general relativ- 
ity. From the other side, in our analysis, 50(4) had 
naturally implied the U(2) = SU(2) x U(l) unitary rep- 
resentation of the scalar field, giving rise to local spin 
1 gauge fields, which are the vector gauge bosons medi- 
ating interactions. Finally the Spinorial representation 
itself can naturally accommodate spinors, so are the spin 
1/2 fields also incorporated. 



reduce in a natural form 

V(<j>) 



1 2 

2 m " 



(29) 



The Higgs mass m# is thereby determined as mu = v/2 
= 123 GeV. Actually the preceding relation should be 
understood the other way around, conversely run and v 
determine the speed of light in the Higgs vacuum. This 
follows from a simple consideration that we can normalize 
the vacuum state <p in eq. Il2.'i[l . into a unit state 



(30) 



III. LORENTZ INVARIANCE 

In the unitary gauge, the photon has no couplings to 
the Higgs field, nor does it have a mass term, provided 
over the vacuum expectation value. As a result the pho- 
ton does encounter no resistance of the Higgs vacuum 
and the surviving U{l) e symmetry is Lorentz invariant. 

In contrast, the W and the Z have couplings to H 
and have also mass terms. They are in contact with 
vacuum over tadpoles. The Lorenz invariance of weak 
interactions reflect somehow the following picture: 

If one were given the task to show that space-time is 
Lorentz invariant only by using the massive W and Z's 
as mediators of interactions, he or she would probably 
found out that there is a dominant SO(3) symmetry of 
space and an independent measure of time, in the first 
place. 

Presumably in a world made up of massive mediators, 
which would dramatically lead to a dominantly mechani- 
cal environment, that means forces are short ranged and 
appear through contact, it wouldn't be possible to find 
out any trace of Lorentz Invariance. 

The velocity of massive W and Z's are obviously no 
invariants with respect to different inertial observers, 
whereas the photon speed in vacuum is. This is told us 
by the coordinate transformations that leave the Maxwell 
equations Invariant. Another invariant property of the 
scalar field after becoming massive, is its (rest) mass. 
Therefore we can work out the vacuum state <j> by plug- 
ging it in eq. lfH)l. We obtain : 



-Tr I 



-Tr 



E 



<f>Hi 7o(«0o) 



(28) 



, o\ vac V 



where mnc 2 is the invariant mass term of the Higgs field, 
at the ground state where <j>\ = <f>2 — 4>3 = and cf>o = v. 
From v = and m 2 H = fi 2 one finds that A = |. The 
potential function of the scalar field prior to spontaneous 
symmetry breakdown and complexification turns out to 



by absorbing the factor y into 7o of the basis {71, 72, 

73; 7o}j that spans {4>\, 4>2, $3, i 4>o}- Furthermore the in- 
variant quantity Tr [4><fi] normalizes to 1/4 ( in SI units 
to c 2 /4 ), if we further absorb \j ^ m t° 7o- Thereby 

we redefine 70 for the sake of obtaining a unit vacuum 
state such that 



7o 



2m H 



7o 



(31) 



The Minkowski signature reveals this non uniformity (in 
SI units) 



10 

10 

1 

-c 2 



(32) 



where the last entry is departing from 1, and normalizes 
the fourth spacetime component ; .to = ict. The factor 
determines the speed of electromagnetic disturbances in 
the Higgs vacuum : 



2m H 



: Speed of Light in Vac. 



(33) 



After the rescaling of 70, which follows from the normal- 
ization of the vacuum state, we get 



-Tr[tf>4>] = \ 



(34) 



This equality should always hold even when the Higgs 
field becomes excited and departs from the ground state. 
In this respect the parametrization allows us to utilize 
the ^1,^2,^3 fields, which can be chosen such that the 
invariant —cj) T <fi — 1/4 is satisfied for any arbitrary value 
of £0 7^ 0, which is by definition the H field. A suitable 
gauge would be ; 

3 

£o-£tf = l5 Zo=H; 6,(0) = 1 (35) 

i=l 

The excited Goldstone modes £1,^2, £3 can be gauged 
away in the unitary gauge when necessary. 
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Complexity of the Vacuum : The time variable t is real 
and thus measurable, but formally can be made to en- 
ter the Lorentz transformations with a complex sign, so 
that the rotation is over a complex angle in a complex 
plane. A similar situation arose in the vacuum. The 
ground state in eq. Q23|l contains a complex sign. How- 
ever the vacuum expectation value v is itself real and is 
gained by the component </>q. The ground state enters 
the transformation with a complex prefactor just like t. 

IV. CONCLUSION 

We shortly highlight here the underlying steps that 
lead to the complexification of the vacuum : 

(a) The real valued scalar field, can be cast in a com- 
plex representation, so that the global SO{4) in- 
variant Lagrangian naturally implies a global U (2) 
invariant Lagrangian. 

(b) The global charges remnant of 5 l O(4) are taken over 
by the unitary representation U(l) x SU{2). This 
symmetry turns out to hold as a local gauge sym- 
metry. The gamma basis should also be spacetime 



dependent. 

(c) A consistent parametrization through the unitary 
and metric gauges assigns the real fields tf>i , 4>2 , <f>3 
to SU (2) and 4>o to U (1) and also requires the com- 
plexification of the scalar field; </>o — * i(j)Q which 
amounts to a change in signature of spacetime; 
i 7o ->■ 7o 

(d) The scalar field develops an invariant mass term 
through the spontaneous breakdown of the unsta- 
ble ground state to the stable ground state. The 
spontaneous breakdown is likely to be induced by 
the complexification; Since the product — /i 2 ((f) T (f>) , 
contributes for <^>o — * i4>o a mass term with the cor- 
rect sign. 

(e) Normalization of the true vacuum state places a 

constant factor c = ./s- 3 * — in front of 7 n - The 

rescaled gamma basis inherently defines the speed 
of light in the Higgs vacuum, over the SO(3, 1) in- 
variance of the Maxwell equations. 
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